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Outline

 Introduction to time-delayed feedback control (TDFC) algorithm
 Odd number limitation (Nakajima’s theorem)
 TDFC modifications to bypass the limitation
 Refuting the limitation for autonomous systems (Fiedler et al.)
 Corrected version of the odd number theorem (Hooton, Amann)
 Explicit form for Hooton’s and Amann’s

 
criterion

 Control matrix design
 Numerical examples (Lorenz and Chua systems)
 Conclusions
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Delayed feedback control algorithm
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K. Pyragas, Phys. Lett. A 170, 421 (1992)
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Experimental implementations (I)

Electronic chaos oscillators


 

Pyragas, Tamaševičius (1993)


 

Gauthier

 

et al. (1994)


 

Kittel

 

et. al. (1994)


 

Celka

 

(1994)


 

Socolar

 

et al. (1994)


 

Benner

 

et al. (1997)


 

Sukow

 

et al. (1997)


 

Chang et al. (1998)


 

Just et al. (1999, 2000)


 

Loewenich

 

et al. (2004)


 

Boccaletti

 

et al. (2004)


 

Choe

 

et al. (2005)


 

Ahlborn, Parlitz

 

(2006)


 

Hoehne

 

et al. (2007)


 

Tamaševičius

 

et al. (2007)


 

Loewenich

 

et al. (2010)

Lasers


 

Belawski

 

et al.  (1994)


 

Erneux

 

et al.  (1995)


 

Lu, Yu, Harrison

 

(1998)


 

Arecchi

 

et al. (2002)


 

Boccaletti

 

et al. (2004)


 

Bielawski

 

et al. (2005)


 

Schikora

 

et al. (2006, 2008)


 

Dahms

 

et al. (2010)


 

Schicora at al. (2011)

Chemical systems


 

Schneider et al.  (1993)


 

Parmananda

 

et al.  (1999)


 

Tsui, Jones

 

(2000)


 

Kiss

 

et al.  (2000)


 

Kim

 

et al. (2001)


 

Bertram

 

et al. (2003)


 

Beta et al. (2003)


 

Kiss et al. (2006, 2008)
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Experimental implementations (II)

Mechanical pendulums


 

Hikihara, Kawagoshi

 

(1996)


 

Christini

 

et al. (1997)


 

Sieber

 

et al. (2008)

Gas discharge systems


 

Pierre et al. (1996)


 

Mausbach

 

et al.  (1997)


 

Wei

 

et al. (2004)

Plasma


 

Gravier

 

et al.  (1999)


 

Fukuyama et al.  (2002)


 

Fukuyama et al.  (2006)

Ferromagnetic resonance


 

Ye et al. (1995)


 

Benner

 

et al. (1997)

DC-DC boost converter


 

Natsheh

 

et al. (2009)

Walking control of robots


 

Sugimoto, Osuka

 

(2002)

Cardiac systems


 

Hall

 

et al.  (1997) 


 

Rappel

 

et al.  (1999)


 

Berger

 

et al.  (2007)

Chaotic
 

Tailor-Couette
 

flow


 

Lüthje

 

et al.  (2001)

Atomic force microscope


 

Yamasue

 

et al.  (2009) 
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Odd number limitation
 

(ONL)
Ushio (1996), Nakajima and Ueda

 
(1997,1998), Just at al. (1997)

The TDFC cannot stabilize any periodic 
orbit with an odd number of real Floquet 
multipliers larger than unity 
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Nakajima‘s theorem (1997):



TDFC modifications to bypass the limitation 

• Oscillating delayed feedback 
Schuster and Stemmler, PRE (1997)

• Half-period delayed feedback (symmetric orbits)
Nakajima and Ueda, PRE (1998)

• Unstable controller
K. Pyragas, PRL (2001)
K. Pyragas, V. Pyragas, and H. Benner, PRE (2004)
V. Pyragas and K. Pyragas, PRE (2006)
A. Tamasevicius, G. Mykolaitis, V. Pyragas, and K. Pyragas, PRE (2007)
K. Hoehne, H. Shirahama, C. Choe, H. Benner, K. Pyragas, W. Just, PRL (2007)
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Counterexample refuting the odd number limitation 
Fiedler at al., PRL  (2007) Refuting ONL for autonomous systems

          tztziitz 21  

       tztzKe i

Counterexample: Normal form of 
SubH bifurcation under TDFC

SN  T

TC  T

SubH

Complex
 

gain
 

(rotaiting
 

feedback)

• TDFC induces a pair of orbits (a saddle-node bifurcation) with T

•
 

The UPO coalesces with iduced orbit at a transcritical bifurcation 
and exchange the stability
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The main goal of our research

The Fieddler’s et al. idea has been succesfully aplied to:

• The  Lorenz system close to subcritical Hopf bifurcation
Postlethwaite and Silber, PRE (2007) 

• Laser experiment close to subcritical Hopf bifurcation
Schikora, Wuensche and Henneberger, PRE (2011)

• Rotating waves near a fold bifurcation
Fiedler et al. , PRE (2011)

Kęstutis

 

Pyragas

 

CPST, Vilnius, Lithuania
Beyond the odd number limitation: Control matrix design for time-delayed feedback control algorithm

The main goal of our research is the control 
matrix design far from bifurcation points of 
periodic orbits



Corrected version of the odd number theorem

Hooton and Amann, PRL (2012)

  01  m

m -
 

the number of real Floquet multipliers larger than 1 
T -

 
the period of UPO

 -
 

slightly mismatched delay time (           )

-
 

the period of the induced orbit at the mismatched delay ,K

An UPO of autonomous sysytem cannot be stabilized by TDFC if:
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 


 ,
lim

K
T

T 





         txtxKtxftx       ttx 


 UPO

<0 –
 

necessary condition (for m odd) for the stabilization of UPO

T



An explicit form for Hooton’s and Amann’s
 

criterion
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V. Novičenko
 

and K. Pyragas, Physica
 

D (2012); PRE (2012)
Phase reduction theory approach

         21, TOKTTK  

     tKtz 



PRC of controlled system PRC of uncontrolled system

 K1

Hooton’s and Amann’s necessary condition <0:

011   n

ij ijijCK 
T

jiij dtC
0

 

     tAtt TT
0




    1ttT 


The profile of the PRC 
is independent of K

c.f. W. Just et al. PRL (1998) 
for the case of scalar input



Control matrix design
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BK  B has at least one element equael to 1 or -1 and other elements
are in the interval [-1 1].

Hooton’s and Amann’s necessary condition <0:

  1* 


n

ij ijijCB

Other conditions we derive using the relationship between FEs of
 

the 
TDFC () and PFC () systems [Pyragas, PRE (2002)]:

         txtxBtxftx   

         txtBtxftx   g

TDFC:

PFC:

 g
    1exp1  Tgg



Example: Lorenz system
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      Txxxxxxxxxf ]3/8,28,10[ 32123112 


TDFC:PFC:

Potentially 
successful !!!
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Additional condition
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0
*





d
d    32 gggg ObaT 

 g
    1exp1  Tgg

0/21 2  ab

 n

ijkl ijklklij DBBb klijijkl DD 

The coefficients Dijkl can be estimated from the dependence Λ(g)
 

of 
the trivial FE for small g.



Summary of the algorithm 
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i.
 

Choose the structure of the matrix B with only several nonzero 
elements in such a way as to make possible the coalescence of 
the positive and trivial Floquet

 
branches of the PFC system

ii.
 

For the given structure of the matrix B, estimate the relevant 
coefficients Cij and Dijkl

iii.
 

Choose the values of nonzero elements of the matrix B such as to
 satisfy condition 1-2b/a2<0

iv.
 

Compute the threshold κ* and satisfy condition κ
 

> κ* 

The algorithm considers only most important (real-valued) branches 
of the FMs

 
and its final outcome has to be verified by more detailed 

analysis of the stability of the TDFC system



Application to the Lorenz system
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Application to the Chua system
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Conclusions


 

A practical recipe of TDFC design for the stabilization of periodic 
orbits with an odd number of real Floquet

 
multipliers larger than unity is 

presented


 

The algorithm is suited for autonomous systems far from bifurcation 
points of periodic orbits


 

We managed to stabilize the periodic orbits in the Lorenz and Chua 
systems by  the conventional TDFC


 

Our findings will extend the possibilities for further  implementations of 
time-delayed feedback control in practical applications
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Details in:
 

K. Pyragas
 

and V. Novicenko, arXiv:1305.1507  [nlin.CD]
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