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The plan of my talk is as follows. 

First I present a brief introduction to the delayed feedback control (DFC) algorithm and give examples of its experimental implementations. Then the analytical approaches,  the global properties  and adaptive modifications of the algorithm will be discussed. Then I discuss the odd number limitation. This problem has got a lot of attention in the past years. I discuss the recent developments in this field. In the end of my talk I present the list of other DFC problems and conclusions. 



Delayed feedback control algorithm
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In 1992 I proposed a continuous time chaos control technique based on a delayed feedback perturbation. The method is reference free: It uses the control perturbation constructed as a difference between the current value of the output signal of the system and the same signal delayed by one period an UPO. Obviously, this perturbation vanishes if the system is moving along the desired orbit. So, if the stabilization is successful there is no power dissipated in the feedback loop. Thus the technique is noninvasive.

The method does not require any preliminary ore on line computer analysis of the system dynamics and can be implemented in experiments by a pure analogue  technique.  The only electronic element required for experimental implementation of this method is the delay line. The method is particular convenient for high frequency systems,  where other methods of chaos control is difficult to implement. 



Demonstration for the Roessler
 

system

• Matlab
 

animation
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Here the delayed feedback method is demonstrated for the Rossler system. The y(t) variable is taken as an output signal of the system and the delayed feedback perturbation is applied only to the second equation of the system. Here it is shown the dynamics of the perturbation and here the dynamics of the output variable. After closing  the feedback loop the perturbation at first shows a complex transient dynamics and then disappears. The y(t) variable demonstrates strongly periodic oscillations, which correspond to the stabilized period-one unstable periodic orbit. 

In a real experiment, two parameters, the delay time tau and the feedback gain K have to be properly adjusted in order to achieve the stabilization. As a criterion of the stabilization can be considered the amplitude of the perturbation.  If the perturbation vanishes the parameters are adjusted correctly and this means that some unstable periodic orbit is stabilized. Here it is chown the variance of the perturbation as a function of delay time tau. This dependence  is of resonance type. When the delay time tau coincides with the period of some unstable periodic orbit this variance becomes extremely small and corresponded orbit becomes stable. This dependence can be considered as a tool of nonlinear spectroscopy in order to analyze the unstable period states of nonlinear dynamics systems whose equations of motion are unknown.



Experimental implementations (I)

Electronic chaos oscillators


 

Pyragas, Tamaševičius (1993)


 

Gauthier

 

et al. (1994)


 

Kittel

 

et. al. (1994)


 

Celka

 

(1994)


 

Socolar

 

et al. (1994)


 

Benner

 

et al. (1997)


 

Sukow

 

et al. (1997)


 

Chang et al. (1998)


 

Just et al. (1999, 2000)


 

Loewenich

 

et al. (2004)


 

Boccaletti

 

et al. (2004)


 

Choe

 

et al. (2005)


 

Ahlborn, Parlitz

 

(2006)


 

Hoehne

 

et al. (2007)


 

Tamaševičius

 

et al. (2007)


 

Loewenich

 

et al. (2010)

Lasers


 

Belawski

 

et al.  (1994)


 

Erneux

 

et al.  (1995)


 

Lu, Yu, Harrison

 

(1998)


 

Arecchi

 

et al. (2002)


 

Boccaletti

 

et al. (2004)


 

Bielawski

 

et al. (2005)


 

Schikora

 

et al. (2006, 2008)


 

Dahms

 

et al. (2010)


 

Schicora at al. (2011)

Chemical systems


 

Schneider et al.  (1993)


 

Parmananda

 

et al.  (1999)


 

Tsui, Jones

 

(2000)


 

Kiss

 

et al.  (2000)


 

Kim

 

et al. (2001)


 

Bertram

 

et al. (2003)


 

Beta et al. (2003)


 

Kiss et al. (2006, 2008)
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The delayed feedback technique has been successfully implemented in number of experiments. The most number of experiments are performed with various electronic chaos oscillators. Such experiments are most simple and they give an easy way to verify various  theoretical ideas. A lot of successful  experiments are achieved with laser systems and chemical reactions.



 



Experimental implementations (II)

Mechanical pendulums


 

Hikihara, Kawagoshi

 

(1996)


 

Christini

 

et al. (1997)


 

Sieber

 

et al. (2008)

Gas discharge systems


 

Pierre et al. (1996)


 

Mausbach

 

et al.  (1997)


 

Wei

 

et al. (2004)

Plasma


 

Gravier

 

et al.  (1999)


 

Fukuyama et al.  (2002)


 

Fukuyama et al.  (2006)

Ferromagnetic resonance


 

Ye et al. (1995)


 

Benner

 

et al. (1997)

DC-DC boost converter


 

Natsheh

 

et al. (2009)

Walking control of robots


 

Sugimoto, Osuka

 

(2002)

Cardiac systems


 

Hall

 

et al.  (1997) 


 

Rappel

 

et al.  (1999)


 

Berger

 

et al.  (2007)

Chaotic Tailor-Couette flow


 

Lüthje

 

et al.  (2001)

Atomic force microscope


 

Yamasue

 

et al.  (2009) 
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The delayed feedback technique has been also successfully implemented in mechanical pendulums, gas discharge systems, plasma experiments, ferromagnetic resonance, DC-DC boost converter, walking control robot, cardiac systems, chaotic Tailor-Couette flow and an atomic force microscope.  number of experiments. In the following I discuss in more details the last two experiments, since, in my opinion, they are the most interesting. 



Control of chaotic Taylor-Couette
 

flow 

Re = 2f (ro - ri ) ri /

vz (x,t) - output (axial velocity)
f - control parameter

Lüthje, Wolf, Pfister, PRL (2001)
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This experiment is devoted to the DF control of turbulence in the Taylor Cuette flow. The Taylor Cuette flow consists of a viscose fluid placed between two concentric cylinder. The inner cylinder rotates while the outer  cylinder is at rest. The behavior of the fluid depends on the Re number, which is proportional to the rotation frequency of the inner cylinder. For small Re number we have a laminar motion of the fluid. If the Re number is increased to some critical value the flow becomes centrifugally unstable and two vortexes with alternating flow directions appear. With the increase of the Re number there is a typical transition to chaos trough a period doubling scenario. Using time-delayed feedback control the authors managed to stabilize the period motion of the fluid. As an output variable they used a local value of the axial velocity of the fluid. The rotation frequency of the inner cylinder has been used as a control parameter. Here it shown the reconstructed chaotic trajectory and the power spectrum of the free system and here the same pictures for the controlled case. Note, that this system is rather complex. There is no good model for the dynamics of the Taylor Cuette system due to a large number of possible solutions of the Navier-Stokes equations corresponding to this system. Nevertheless, the time-delayed feedback method works for this system rather well.



Controlling chaos in dynamic-mode atomic force microscope
K.Yamasue

 
et al., PLA (2009)

Image without control

Image with controlwithout control with control
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The second experiment which I like discuss in more details is the recent experiment on controlling chaos in  a dynamic-mode atomic  force microscope. The principle of the dynamic-mode AFM is based on the detection of force interaction between two nano-objects – the cantilever and atoms on the surface of the object under investigation. In the dynamic mode, the cantilever is  exited by periodic force at the resonance frequency. The phase difference between the external force and the cantilever oscillations is taken as measure  of the interaction force between the cantilever and the surface and this measure is used to construct the image of the surface. Due to the nonlinear interaction between the cantilever and the surface the chaotic oscillations of the cantilever may appear. This causes  the image artifacts like those shown in this figure. The authors  of this work applied the DFC algorithm and stabilized unstable periodic oscillations of the  cantilever and as result removed the image artifacts. The image improved 

by the DF control is shown here.  

 

  



Important modification: Extended DFC (EDFC)

CHAOTIC
SISTEM
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Socolar, Sukov, Gauthier,
 

PRE
 

(1994) [Pyragas, PLA
 

(1995)]
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Enables the stabilization of highly unstable orbits


 

Simpe implementation with a single delay line (Fabri-Perrot inerfer.)
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A number of modifications of the delayed feedback method have been proposed in order to improve its performance. Here I discuss  the most important modification thas been proposed by Sokolar, Sukov and Gauthier.  They suggested to use an extended delayed feedback controller. Here an information from many previous states of the system is taken into account. This perturbation, as well as an original delayed feedback  satisfies the main requirement: it vanishes when the system is on a periodic orbit with period tau. For parameter R equal  to zero this feedback law coincides with the original delayed feedback law. For R not equal to zero the method can stabilize periodic orbits with a greater degree of instability than this can do the original method for R=0.  The parameter R is usually taken less than one in order to provide the convergence of the infinite sum.  It is important, that this controller as well as an original delayed feedback controller can be easily implemented into experiment. An infinite series  by introducing into a feedback loop a Fabri-Perrot interferometer.



Analytical approaches for DFC systems (linear theory)

• Close to a period-doubling bifurcation
W. Just at al, Phys. Rev. Lett.  (1997, 2004)
K. Pyragas, Phys. Rev. E  (2002)

Re 

Im
 



x

Re 

Im
 



x

x

• Close to a
 

subcritical
 

Hopf
 

bifurcation
based on unstable controller
K. Pyragas, at

 
al,  Phys. Rev. E (2004)

V. Pyragas, K. Pyragas,  Phys. Rev. E (2006)
Re 

Im
 



x

T. Pyragienė, K. Pyragas,  Phys. Rev. E (2005)

• Close to a
 

Nejmark-Sacker bifurcation

K. Hoene et al., Phys. Rev. Lett. (2007)
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The linear theory of the DFC algorithm is rather well developed for the systems close to various bifurcations of the periodic orbits. The most developed case is the period doubling bifurcation, when the orbit has one unstable real negative multiplier. The typical example of this type is the Roessler system. Another case is the Neymark Sacker bifurcation when the system has a pair complex conjugate unstable multiplies. Typical example of such systems is the non autonomous Duffing oscillator. The third example is the subcritical Hopf bifurcation when the UPO has one real FM greater then 1. The typical example of such systems is the Lorenz system. This case is most difficult for the DF control. However the linear theory for this case is currently also rather well developed.



On global properties (basins
 

of
 

attraction) of the DFC


 

The linear analysis is insufficient to guarantee experimental success 
of DFC algorithm, because the control performance may strongly 
depend on the basin of attraction of the stabilized state.

 Limitation of the size of the control force by a simple cutoff 
[K. Pyragas, PLA (1992)]

Kęstutis

 

Pyragas

 

CPST, Vilnius, Lithuania
A twenty-year review of time-delay feedback control  and recent developments

Algorithms for improving the global properties:

 Two-step DFC algorithm [Tamaševičius
 

et al., PRE
 

(2007)]

 Using ergodicity
 

of chaos [K. Pyragas
 

and V. Pyragas, PRE
 

(2009)]

Presenter
Presentation Notes
Although the linear theory of the DFC is rather well developed it is insufficient to guarantee the experimental success of DFC algorithm, because the control performance may strongly depend on the basin of attraction of the stabilized state. To improve the global properties several modifications of the DFC algorithm have been proposed. A simple heuristic algorithm based on the limitation of the size of the control force by a simple cutoff has been proposed in original paper in 19992 and it is most commonly used algorithm in experiments. Latter on two other algorithms where considered.   





Adaptive DFC algorithms

• A. Kittel, J. Parisi, and K. Pyragas, PLA
 

(1995)
• H. Nakajima, H. Ito, Y. Ueda, IEICE Trans. Comput. Sci. (1997)
• G. Chen, X. Yu, IEEE Trans. Circ. Syst. I (1999)
• X. Yu, IEEE Trans. Circ. Syst. I (1999) 
• G. Herrmann, PLA (2001)
• I.Z. Kiss, Z. Kazsu, V. Gáspár, Chaos (2006) 
• K. Pyragas and V. Pyragas, PLA (2011)
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
 

The period of UPO (delay time) and control gain are not known a
 

priory.    
In experiments, an on line adaptive tuning of these parameters is desired.

Adaptive tuning of the delay time: 

Adaptive tuning of both the delay time and control gain: 

Adaptive tuning of the control gain: 
• J. Lehnert, et al., Chaos (2011)

• W. Lin, et al., PRE (2010);

Presenter
Presentation Notes
For autonomous systems the period of the UPO is unknown beforehand. For such systems one can apply the control law with a variable delay time. The current value of the delay time can be chosen as a a time interval between two successive maxima of the output signal and can be changed at each moment when a new maximum in output signal appears. For some systems this procedure leads to the adaptive convergence of the distances between the  maxima to the period of the desired orbit.

Here there is an illustration how the method works for the Mackey  Glass system. In a free system the distances between maxima change rather drastically, however when the control signal is applied this distances converge to the value of the period of the UPO, the UPO becomes stable and the feedback perturbation vanishes.





Odd number limitation
 

(ONL)
Ushio (1996), Nakajima and Ueda

 
(1997,1998), Just at al. (1997)

Limitation: The DFC method fails for 
any periodic orbits with an odd 
number of real Floquet multipliers >1

eT



 = +i  = e  T

B. Fiedler at al.,
 

PRL
 

(2007) Refuting for autonomous systems

FE: FM:

The method fails for 0







*



The method works for 0




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The odd number limitation is one of the most discussed problems of the DFC during the last 15v years. This limitation has been formulated first by Ushio for discrete systems and then generalized  by  Just, Nakajima and Ueda continuous time systems.. This  limitation states that that the delayed feedback method fails for any periodic orbit with an odd number of real Floquet multipliers grater then one. 

This limitation can be interpreted from the topological point of view as follows. 

The odd number in fact  states that necessary condition for the DFC method to work is the presence of non-vanishing  imaginary part of the Floquet exponent, Geometrically this mean that the method works only for the orbits that have a finite torsion. The mechanism of stabilization of UPOs with non-vanishing imaginary part is  presented here. In this case an open feedback loop  control system has a pare of complex conjugate FEs  in the right half plain. When the feedback loop is closed and the control gain K is increased, this pare of complex FEs move to the left half-plain and the closed loop system becomes stable. 

In the case of the zero torsion we have only one unstable Floquet exponent on the real axes. Nakajima theorem states that with the increase of the control gain K this exponent cannot intersect the origin moving through the real axes and thus the stabilization is impossible. 



The history of the odd number limitation is dramatic. This limitation has been commonly accepted by scientific community. However Fiedler et al. ten years latter after proofing this theorem has presented a simple example  of autonomous system for which this limitation does not work.  I discuss the Feedlers example latter, but first I present the idea of unstable controller that allows us to overcome the odd number limitation.





Unstable delayed feedback controller
K. Pyragas, Phys. Rev. Lett. 86, 2265 (2001)

Counterintuitive
 

idea:

Artificially enlarge a set of real Floquet
 multipliers greater than unity to an even 

number by introducing into a feedback loop 
an unstable degree of freedom






Additional exponent
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To overcome the odd number limitation I proposed a counterintuitive. In order to enlarge a set of real multipliers greater than one to an even number I proposed to introduce into a feedback loop an additional unstable degree of freedom. This idea is contra-intuitive, since the unstable orbit is stabilized  by introducing an additional instability. The mechanism of stabilization is shown  here. Two real FM may collide on the real axes, pass to the complex plain and than cross into the left half plain as in the case of  a usual Hopf bifurcation. 





Block diagram of the unstable EDFC (UEDFC)

ULPF

-R

C

ULPF
+

CHAOTIC
SISTEM

y(t)p(t)

+
R1-RK 

+

+

-+

Experiments:
Tamaševičius et al., PRE (2007)
Hoene et al. PRL (2007)
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To point out a simplicity of the realization here I show the bloc diagram of the method. Here it is a block diagram for a usual EDFC method. What has to be added to the system is a simple low pass filter with a negative resistance to provide an additional unstable degree of freedom. This method has been successfully  implemented in experiments.



Demonstration for the Lorenz system
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F(t)= y(t)-y(t-)+ R F(t-)

Kęstutis

 

Pyragas

 

CPST, Vilnius, Lithuania
A twenty-year review of time-delay feedback control  and recent developments

Presenter
Presentation Notes
Here the UEDFC is demonstrated for the Lorenz system., whose UPOs have no torsion and satisfy the odd number limitation. Now the perturbation is constructed as a sum of the usual DF perturbation and that obtained from an additional unstable degree of freedom. 

Here are shown the results of a linear stability analysis. The real parts of all Floquet exponents are negative in a certain interval of the feedback gain  K. Direct integration of a set of nonlinear equations confirms the results of the linear theory. Here is shown the dynamics of the Y variable and the dynamics of the perturbation.  After a transient the perturbation vanishes and the system shows periodical oscillation corresponding to the period-one unstable periodic orbit.



The odd number limitation
 

revisited
Fiedler at al., PRL  (2007) Counterexample

          tztziitz 21  

       tztzKe i

Normal form of SubH 
bifurcation under DFC:

SN  T

TC  T

SubH

Complex
 

gain
 

(rotaiting
 

feedback)

• DFC induces a pair of orbits (a saddle-node bifurcation) with T

• The UPO coalisce with iduced orbit at a transcritical bifurcation and 
exchange the stability
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Now we discuss the recent results concerning the odd limitation. As I have already mention the odd number limitation has bee refuted by Feedler et all in 2007. They have presented very simple example for which the odd number theorem does not valid. This example is a normal for of subcritical bifurcation under delay feedback control. It is important that the control gain here is complex, which means rotating feedback. The mechanism  of stabilization of UPO without torsion is evident from this figure. For zero feedback gain we have an unstable orbit and stable fixed point at the origin. With the increase of K the radius of the control orbit does not change. For some value of K a saddle node bifurcation takes place at which appears a pair of orbits – one stable and another  unstable. The periods of these DFC induced orbits differ from the delay time. Further increase of the feedback gain leads to a transcritical bifurcation at which the stable orbit coalesce with the controlled orbit and exchange the stability. At the transcritical bifurcation the period of the induced stable orbit coincides with the value of the delay time.  



Corrected criterion for the odd number limitation
A. Amann and E.W. Hooton, PRL (2012)
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    0lim1 




 




T
T

m

m - the number of real Floquet multipliers larger than 1 

T - the period of UPO

 - slightly mismatched delay time

- the period of the induced orbit at the mismatched delay 

An UPO of autonomous sysytem cannot be stabilized by DFC if:

Presenter
Presentation Notes
The odd number limitation is currently an active area of research. Recently Amann and Hooton presented a corrected theorem of the odd number limitation for autonomous systems. The theorem states that an UPO of autonomous sysytem cannot be stabilized by DFC if the following criterion holds. Here ... The mainn uncnown parameter in this expression is Theta. Recently we have developed an analatical theory for the computation pof this parameter. 



Analytical computation of the period

Novičenko, Pyragas, Physica
 

D
 

(2012)

Novičenko, Pyragas, PRE (2012)

Extension of phase 
reduction theory to the 
systems with time delay

Application of phase 
reduction theory to the 
EDFC systems
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



Phase reduced equation:

Phase response curve (PRC)
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 
Phase reduction theory approach

EDFC at a small time delay mismatch:

Presenter
Presentation Notes
Our approach is based on the phase reduction theory. The phase reduction theory is usually used for the systems described by ODEs. Recently we have extended this theory for the systems with time delay and applied it for the computation of period of  the periodic orbit in the presence of a small time delay mismatch. For small time delay mismatch the infinite dimensional system that describes the EDFC algorithm can be reduced to the scalar differential equation for the phase. All the properties relevant to the system response to small perturbations are encoded in the PRC. 



Analytical computation of the period

The profile of the PRC is independent of K and R ! 

Only the amplitude of the PRC depends on K and R
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The PRC of the controlled system for any K and R can be 
expressed trough the PRC of the control-free UPO (basic PRC):
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Eqs. for the PRC of control-free UPO:
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PRC in the presence of EDFC:
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The Amann and Hooton criterion 
in terms of the PRC theory:
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We have shown that the profile of the PRC is independent of K and R ! ….. The PRC of the controlled system is proportional to the PRC of the free system. The coefficient of proportionality depends on K and R. WE have derived an analytical expression for this coefficient. Than the desired period Theta is simply expressed through this coefficient and as a result the Amann and Hooton criterion can bealso expresesed throgh coefficiet Alpha. Thus our results allows for a simmple examination of the odd number limitation by checking the sighn of the parameter Alpha. We belive that this findig is important for constructing control strategies for the orbits withot torsion. Note that the resiprocal of Alpha depens linearly onn the feedback gain and whwn it wanishes we have the the transccritical bifurcation of periodic orbits.  



The list of other DFC problems not discussed in this review
• Control of  oscillation coherence in noisy systems 

• Goldobin, Rosenblum, Pikovsky, Physica

 

A (2003); PRE (2003);
• Janson, Balanov, Schoell, PRL (2004);
• Balanov, Janson, Schoell, Physica

 

D (2004);
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; PRE (2007);

• Control of synchronization in neural networks
• Rosenblum, Pikovsky, PRL (2004); PRE (2004); 
• Hauptmann,  Popovych, Tass, Neurocomputing

 

(2005); Biol. Cybern. (2005); 
• Popovych, Hauptmann, Tass, PRL (2005); Biol. Cybern. (2006); Int. J. Bif. Chaos (2006;
• Popovych, Hauptmann, Tass, PRE (2010);

• Control of spatio-temporal patterns in reaction-diffusion systems
• Baba, Amann, Schoell, Just PRL (2002); 
• Beck, Amann, Schoell, Socolar, Just, PRE (2002); 
• Balanov, Beato, Janson, Engel, Schoell

 

PRE (2006); 
• Schneider, Schoell, Dahlem, Chaos (2009);

• DFC with the variable and distributed time delay
• Gjurchinovski, Urumov, EPL (2008); 
• Juengling, Gjurchinovski, Urumov, http://arxiv.org/pdf/1202.0519.pdf

 

(2012)

• DFC based bifurcation analysis for experiments
• Sieber, Gonzalez-Buelga, Neild, Wagg, Krauskopf, PRL (2008);
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Conclusions

The delayed feedback control is still an active area of 
research

Hopefully, new interesting theoretical and experimental 
results will appear in the near future
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